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ABSTRACT
We present a new way of fixing the gauge to (direct) maximal center gauge in SU(N)
Yang-Mills theory and apply this method to SU(3) configurations which are vortex-like.
We study the structure of the Z3 configurations obtained after center-projecting the SU(3)
ones.
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1 Introduction.
In this paper we present a new algorithm to fix the gauge to direct maximal center gauge
in lattice SU(N) Yang-Mills theory, and we show how this gauge fixing works in SU(3)
configurations which are vortex-like.
A number of recent works try to explain low energy phenomena, such as confinement
or chiral symmetry breaking, in terms of vortices, giving a renewed interest to the vortex
condensation theory of confinement proposed by many authors at the end of 70’s [1].
In [2–4] the maximal center gauge is used; this gauge selection has the property of making
the link variables as close as possible to the elements of the center of the group. Afterwards
the configuration is center-projected to unravel its (vortex) structure. They conclude that
with this method it is possible to identify unprojected center vortices, and that their results
support the picture of these objects being responsible for quark confinement. Two different
methods are used to transform lattice configurations to the maximal center gauge. The
first one (indirect maximal center gauge) is a two step procedure: first the link variables
are transformed to the maximal abelian gauge and projected over abelian link variables;
and then the abelian link variables are gauge transformed to new variables as close as
possible to the elements of the group center, and projected over center link variables. The
second one (direct maximal center gauge) tries to obtain the link variables as close as
possible to the elements of the group center in a direct way, without any intermediate
step. In references [2–4], both methods are used and the conclusion that center vortices
are the relevant objects for confinement is claimed to be independent of the method. In
references [5,6], following the same procedures, the vortex content of the SU(2) vacuum is
studied and also the relevance of center vortices at finite temperature. Their conclusion
is that the dynamics of these objects reflects the transition to the deconfining phase and
also that they are the relevant degrees of freedom to determine the spatial string tension
at finite temperature. In references [7, 8] the maximal center gauge is also used, in this
case only from the indirect method, to study confinement in SU(2) and SU(3) Yang-Mills
theory. In these papers a new topological object is constructed, the center monopole, and
the conclusion of these works [7, 8] is that this object condenses in the confinement phase
and does not condense in the deconfinement phase, its condensate being therefore the order
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parameter of the theory. In reference [9] the relevance of center vortices for confinement
and chiral symmetry breaking is studied. The result presented in that work is that, after
removing center vortices in an ensemble of SU(2) lattice configurations, confinement is lost
and chiral symmetry is restored. The conclusion is that center vortices are responsible for
both phenomena. In this case the method used to gauge-fix the configurations is the direct
maximal center gauge. Finally, we want to mention the works in reference [10] relating
center vortices with confinement but without using the maximal center gauge.
In this work we present an algorithm of direct center gauge fixing for SU(N) lattice
gauge theory. Our motivation is twofold. First, there is no efficient method of direct gauge
fixing to maximal center gauge in SU(N) lattice gauge theory; secondly, it is very interesting
to know how SU(N) configurations which are vortex-like look like in the maximal center
gauge, and therefore, whether these solutions share the properties described in [2–9] for a
confining object.
The paper is structured as follows: In section 2 the numerical algorithm for gauge
fixing is described. Section 3 shows how this method works on classical solutions of the
SU(3) Yang-Mills theory which are vortex-like, and how these configurations appear when
center-projected. Our conclusions are presented in section 4.
2 Gauge fixing method.
The maximal center gauge in SU(N) lattice gauge theory is defined as the gauge which
brings link variables U as close as possible to elements of its center ZN =
{
e2pimi/N1 ,
m = 0, ..., N − 1}. This can be achieved by maximizing one of the following quantities:
R =
1
NsiteNdimNN
∑
n,µ
Re
(
[Tr Uµ(n)]
N
)
, (1)
R =
1
NsiteNdimN2
∑
n,µ
| Tr Uµ(n) |
2 , (2)
where Nsite is the number of sites on the lattice and Ndim the number of dimensions (R
satisfies |R| ≤ 1). In reference [4] the quantity given in equation (1) is maximized using the
method of simulated annealing but, as it is stated there, this is an inefficient method. Our
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choice is that of equation (2) because an update of the link variables as in the Cabibbo-
Marinari-Okawa method [11, 12] drives to a simple way to maximize R. This procedure is
inspired in the one described in [4] for SU(2). It is also interesting to note that maximizing
equation 2 is equivalent to maximize the trace in the adjoint representation which is not
affected by center gauge transformations.
We perform a local update of the link variables. At each site n, one needs to find the
gauge transformation G which maximizes the local quantity
Rn =
∑
µ
| Tr {G(n)Uµ(n)} |
2 +
∑
µ
| Tr
{
Uµ(n− µˆ)G
†(n)
}
|2 . (3)
Each gauge transformation G is obtained from a SU(2) matrix g = g41 − ıgiσi which is
then included in one of the N(N − 1)/2 SU(2) subgroups of SU(N). Doing the update in
this way Rn can be written as,
Rn =
4∑
i,j=1
1
2
giaijgj −
4∑
i=1
gibi + c , (4)
being aij a 4×4 real symmetric matrix, bi a real 4-vector and c a real constant, all depending
on the links variables Uµ(n) and Uµ(n− µˆ). We have to find the maximum of this quantity
with the constraint that g is a SU(2) matrix. This can be done using standard numerical
algorithms.
Once we obtain the SU(2) matrix g (and then the SU(N) matrix G) maximizing Rn, we
update the Uµ variables touching the site n. We repeat this procedure over the N(N−1)/2
SU(2) subgroups of SU(N) and over all lattice points. When the whole lattice is covered
once we say we have performed one center gauge fixing sweep. We make a number of center
gauge fixing sweeps on a lattice configuration and stop the procedure when the quantity
R is stable within a given precision.
3 Fixing SU(3) vortex-like configurations.
In this section we want to check the method of center gauge fixing presented in the previous
section. To this purpose we apply the method to previously prepared SU(3) vortex-like
configurations. Finally, we study the structure of the gauge fixed solution after center
projection and also compare with the results obtained for the SU(2) case.
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We use the methods of previous work on vortex-like solutions in SU(2) Yang-Mills
theory [13] to obtain similar configurations for the SU(3) group. The main result in [13]
is that there are solutions of the SU(2) Yang-Mills classical equations of motion in R4
which are self-dual and vortex-like. These solutions are constructed from self-dual R2×T 2
configurations by glueing to themselves the two periodic directions. The method to obtain
these R2 × T 2 configurations is the one described in references [13, 14]. These solutions
are obtained using the lattice aproach and a standard cooling algorithm. For the SU(2)
case we have solutions obtained on lattices of sizes Nl ×Ns ×Nl ×Ns (t, x, y, z directions,
respectively) with Ns = 4, 5, 6, 7 and Nl = 4×Ns, and using twisted boundary conditions
given by the vectors ~k = ~m = (0, 1, 0). Their properties are described in [13]. For the SU(3)
case we work on lattices of sizes Nl ×Nl ×Ns ×Ns with Ns = 4, 5, 6 and Nl = 6×Ns and
impose twisted boundary conditions given by the vectors ~k = ~m = (1, 0, 0). The resulting
SU(3) configurations are, as expected, localized in the two large directions, t and x, and
almost flat in the two small directions, y and z. To show this property we calculate the
energy profiles Eµ(xµ), defined as the integral of the action density in three coordinates.
We observe that Eµ(xµ), for xµ = t, x is localized in a region of length about 3 (we fix
the length in the small directions equal to 1) with an exponential fall off at the tails. In
the other two directions: (y, z), Eµ(xµ) is almost flat with only one maximum and one
minimum and varying less than the 10% from the mean value of this function to the value
of the maximum or the minimum.
The other quantity characterizing a vortex is the Wilson loopWC(r) around this object,
being the path C an r × r square loop in the xt plane centered at the maximum of the
solution. We parametrize WC(r) by the functions L(r) (its module) and φ(r) (its phase).
In figure 1 we plot L(r) and in figure 2 φ(r), both as a function of r. We also plot in the
same figures the values of L(r) and φ(r) when the path C is a square loop of size r × r
centered at the minimum of the solution in the two small directions, y and z, and at the
maximum in the other two. First, we can see that these functions are almost independent
of coordinates y and z, and second, when r is bigger than the size of the object we obtain
WC(r) ∼ exp(i4π/3), an element of the group center. These are the two expected properties
for a vortex.
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Once we have isolated the solutions we apply to them the method of center gauge
fixing. We perform center gauge fixing sweeps over the lattice configurations and stop
when the quantity R is stable up to the 8th decimal figure (after 5000 sweeps this prop-
erty is allways satisfied) . For the SU(3) vortex-like solutions we have worked with we
have obtained the following maximum values: R = 0.90123970, 0.93246431 and R =
0.94918155, for the lattices sizes: Ns = 4, 5 and Ns = 6, respectively. For the con-
figuration with size Ns = 5 we have repeated four times the procedure after applying
random gauge transformations over the gauge fixed links and obtained new values of R:
R = 0.93084223, 0.93170763, 0.93236694, 0.93246431. Note that these values correspond to
different Gribov copies of the solution. Now we explain how the solutions look like when
center-projected.
We project the SU(N) link variables to ZN link variables using the standard procedure.
From these ZN variables we calculate the values of the plaquettes in the xt plane (to
compare with the Wilson loop presented before). For the gauge fixed configurations with
maximum value of R we always obtain a plaquette structure in the xt plane (for all y,z
points) with only two plaquettes different from the identity. The first one takes the value
exp{i2π/3} and is located at the top-right corner. This reflects the use of twisted boundary
conditions: this plaquette is multiplied by Z∗µν = exp{i2πnµν/3} to this end. Then, as it
is located on a place with very small action (far from the core of the solution) Z∗µνU✷ ∼ 1
→ U✷ ∼ Zµν1 = Z141 = exp{i2π/3}1 the value obtained after center projection. The
other one is located near the maximum in the action density of the solution and has the
same value of the Wilson loop shown in figures 2,3 when the size of the loop is much
bigger than the size of the solution. Now we compare the position of this second plaquette
for the center-projected configurations with maximum values of R and the position of the
maximum of the solution.
In table 1 we give the position of the maximum in the action density (Max. Pos.)
and the position of the second plaquette (Pla. Pos.) for the three SU(3) configurations
constructed, identified by their sizes, (Nl,Ns). We observe that the position of the non
trivial plaquette is very near to the position of the maximum. For the SU(2) case the
results obtained are very similar (these results are obtained using the method of direct
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center gauge fixing described in reference [4]). In the yt plane, the plane with two large
directions, the structure is the same for all xz points with only two plaquettes different
form the identity: one related with the use of twisted boundary conditions and the other
located near the maximum in the action density, both taking the value −1. Also in table 2
is given the position of the maximum in the action density and the position of the second
plaquette for the SU(2) configurations studied.
To understand more clearly what is happening we study the four Gribov copies obtained
for the SU(3) configuration with (Nl, Ns) = (30, 5). The Gribov copies of this configuration
and bigger values of R, R = 0.93170763, 0.93236694 and R = 0.93246431 have the same
structure in the xt plane (the one described before) with the second plaquette at positions:
(nx, nt) = (22, 4), (23, 3) and (24, 2) respectively. We do not find the expected result.
We expect that the one with biggest R has the same position for the second plaquette
and the maximum of the solution (position (nx, nt) = (22, 4) ). Actually, the one with
the smallest value of R has the same position for both objects. We understand this by
calculating the quantity R only for links belonging to the t and x directions (Rtx), obtaining:
Rtx = 0.99833177, 0.99806162 and Rtx = 0.99765530. As expected, for bigger value of Rtx
the position of the second plaquette is nearer to the maximum of the solution.
We also address the structure of the Gribov copy with the smallest value of R (R =
0.93084223). In this case the plaquette structure of the xt plane is different for different
values of y,z. There are twenty-five xt planes. Twenty-one of them have the same structure
as before with the second plaquette located at position (nx, nt) = (6, 17). Three of them
have also the same structure but at different positions: two at (nx, nt) = (6, 16) and one
at (nx, nt) = (5, 17). And the last one has five non trivial plaquettes, the twist carrying
plaquette, three with value exp(i2π/3) (positions (nx, nt) = (6, 17), (8, 30), (25, 12)) and
one with value exp(i4π/3) (position (nx, nt) = (27, 29)). In this case there is no clear
relation between the underlying structure of the SU(3) solution and the structure of the
center-projected one.
Finally, to clarify the role of the twist carrying plaquette, we study a zero action
configuration for the SU(2) group satisfying twisted boundary conditions given by the
twist vectors ~k = ~0 and ~m = (0, 1, 0). In this case the continuum solution is known:
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Aµ = 0 and Γ1 = ıσ1, Γ3 = ıσ3, Γ2 = Γ4 = 1 (being Aµ the gauge field and Γµ the
twist matrices). It is also known the lattice version of this solution, all links equal to the
identity except the following ones: U1(nx = Nx) = ıσ1, U3(nz = Nz) = ıσ3. We built this
configuration on a lattice Ns
4 with Ns = 6 and apply the center gauge fixing procedure to
it, obtaining that it is a local maximum of the functional R with value R = 0.91666666.
Note that the center projected configuration has all plaquettes equal to the identity. To
obtain other value of R we apply first a random gauge transformation and then the center
gauge fixing procedure. We can obtain with this method different copies of the solution
with the same value of R, R = 0.95603917. The center projected configuration has the
following properties: all plaquettes equal to 1 in the planes xy, xt, yz, yt and zt; in
the xz plane all plaquettes equal to 1 except two, one the twist carrying plaquette at
the top-right corner of the plane, and the other in any place, both taking the value -1.
We have repeated this procedure six times and the second plaquette appears at points:
(nx, nz) = (5, 6); (6, 5); (6, 4); (1, 3); (2, 3); (2, 1). This result reflects that there is no special
point in the underlying solution.
We can conclude saying that twisted boundary conditions forces to have one non trivial
plaquette at the position of the twist carrying plaquette (could be any position in the plane).
But you can not have only one non trivial plaquette in the center projected configuration,
you must have al least two. Then the other non trivial plaquette, if there are only two, is
located in other place of the lattice in the vecinity of points with higher action density: at
any place for the zero action solution and near the maximum in the action density for the
fractional charge solutions. The result for the zero action solution implies that not allways
a P-vortex is associated with the core of a center vortex.
4 Conclusions
We have presented a new method of center gauge fixing to maximal center gauge and
checked that it works well. We have used this method to study the structure of SU(2)
and SU(3) vortex-like solutions in the maximal center gauge when center-projected. It
seems that, for the fractional charge solutions with maximum value of R, there is a clear
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relation between the structure of the SU(2) and SU(3) configurations and the structure
of the center-projected ones. The Wilson loop characterizing the vortex-like solution,
calculated in the plane in which it is localized, takes the value of an element of the group
center when the size of the loop is much bigger than the size of the solution. After center
projection, this plane has only two plaquettes different from the identity, one forced by
twisted boundary conditions and the other taking the same value of the element of the
group center characterizing the vortex solution. This second plaquette is localized near
the maximum in the action density of the solution. We can say that these objects share
the same structure as the ones described in [2–9], and therefore are good candidates to be
confining configurations.
There are a few remarks regarding our results. First, with our method we do not
know if there are other Gribov copies with bigger values of R, we only know that the
configurations obtained are a local maximum of equation (2). Second, the picture obtained
for the copies with maximum value of R seems to be independent of the lattice spacing,
but, in our opinion, this property will be changed for smaller lattice spacing. We think
that, for smaller lattice spacing, the size of the vortex solution will become relevant and
then a bigger number of plaquettes in the neighbourhood of the core of the solution will
be different from the identity (nevertheless, the appropriate value for the Wilson loop
characterizing the vortex will still be obtained with a sufficiently large loop size). Third,
we have seen that there exist other Gribov copies (with smaller value of R) in which the
relation between the underlying SU(N) structure and the projected one is not clear. This
means that it is quite important to obtain a value of R big enough to see a relation between
the projected and the unprojected configuration, and a more systematic way to identify the
vortex properties, working independently of previously known features, will be required.
The recent work in reference [15] could be the way to solve these problems.
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Table 1: Position of the maximum in the accion density (Max. Pos.) and position of the non trivial
plaquette (Pla. Pos.) for the SU(N) configurations studied.
N Size (Nl,Ns) Max. Pos. (ny,nt) Pla. Pos. (ny,nt)
2 (16,4) (11,7) (11,7)
2 (20,5) (1,9) (20,8)
2 (24,6) (2,11) (1,11)
2 (28,7) (5,16) (6,14)
N Size (Nl,Ns) Max. Pos. (nx,nt) Pla. Pos. (nx,nt)
3 (24,4) (21,16) (22,16)
3 (30,5) (22,4) (24,2)
3 (36,6) (14,35) (17,34)
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Figure 1: The module L(r) of the Wilson loop WC(r) is shown as a function of r for the
solutions with lattice sizes Ns = 4, 5, 6. Full symbols correspond to Wilson loops centered
at the maximum of the solutions and empty symbols to the same quantity centered at the
minimum of the solutions in the y, z directions and at the maximum in the t, x directions.
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Figure 2: The phase φ(r) of the Wilson loop WC(r) is shown as a function of r for the
solutions with lattice sizes Ns = 4, 5, 6. The symbols have the same meaning as in figure
1.
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